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Summary. We offer an alternative approach to the ex-
tensively used maximum likelihood and product
methods for calculating recombination values and link-
age intensities from F, data. This new method which we
designate as the square root approach is simpler than
the ones in current use in that it obviates the need for
formulae and tables. It can be applied to autosomal F,
data from F,’s heterozygous in both the coupling and
repulsion phases. It has greater applicability than the
product method in that it can be used in all cases in-
volving 2-, 3-, 4-, 6- and 9-class segregations regardless
whether gene interaction occurs or not, provided the
double recessive and other specific phenotypes are each
determined by one particular genotype. The proposed
method is based on the same well established genetic
facts as the other two approaches. Percent recombinant
gametes and therefore percent recombination are cal-
culated by deriving the square root of the proportion of
the F, population that expresses the double recessive or
equivalent phenotype. The recombination values ob-
tained by our method are compared with those derived
by product method for 17 crosses in 7 different species
and were found to be insignificantly different from the
latter. The advantages and disadvantages of the square
root method compared with the two most used ones are
discussed.

Key words: F, data — Recombination values — Linkage —
Square root method — Coupling — Repulsion — Self-fer-
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Introduction

The first method for the measurement of linkage in-
tensities was presented by Bateson and Punnett in 1911.
Since then various approaches have been proposed and

utilized in the measurement of genetic distances be-
tween genes. In haploid eukaryotes, depending upon
whether the products of each meiocyte in a given
species are arranged in a linear or non-linear fashion,
ordered and unordered tetrads respectively are ana-
lyzed to determine recombination values and linkage
intensities (Ebersole 1956; Lindegren 1933, 1936; Papa-
zian 1952; Pascher 1916; Perkins 1953). In cross-fertiliz-
ing species of diploid and polyploid eukaryotes, and
where possible in self-fertilizing ones, testcross data are
used for linkage analysis (Bateson et al. 1905, Morgan
1911a, 1911b; Punnett 1917). These two approaches
provide direct information on the genetic kinds and
proportions of F, gametes produced by dihybrids and
therefore on recombination values. In self-fertilizing
species however, it is often impossible and/or impracti-
cal to obtain testcross data. In such situations F, (and
even Fs) resultss must be relied on to determine re-

combination values and linkage distances.

Several methods for calculating recombination and linkage
values from F, data have been proposed and used (Bateson et
al. 1905; Bateson and Punnett 1911; Collins 1912; Emerson
1916; Fisher 1928; Fisher and Balmukand 1928; Haldane
1919; Oweven 1928; Wellensiek 1927). However, only the
maximum likelihood (Haldane 1919) and product (Fisher and
Balmukand 1928) methods have been found to be efficient and
are widely used. Allard (1956), Immer (1930), Immer and Hen-
derson (1943) and Stephens (1939) have provided formulae
and tables to facilitate the calculation of recombination values,
using these latter two approaches.

We offer yet another approach to calculating re-
combination values and linkage distances from F, re-
sults. The method proposed is simpler than the ones in
current use in that it circumvents the need for formulae
and tables. In addition it is useful in many cases where
gene interaction is involved as well as in all cases where
the different pairs of alleles determine the expression of
different pairs of traits.
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The square root method for estimating linkage
intensities from F, data: theory and method

1 Theory

The proposed method is based on well established gen-
etic facts:

(a) Gametes unite at random.

(b) The likelihood of occurrence of a given F, genotype
is the product of the probabilities of occurrence of the
combining F, male and female gametes.

(¢) If two pairs of alleles determine the expression of
different pairs of traits, regardless of the specific allelic
relationship at each locus there is only one F, pheno-
type, the double recessive one, that is always specified
by one particular F, genotype, the one homozygous for
recessive alleles at both loci.

(d) Unless there is evidence to the contrary, the fre-
quency of crossing over is the same in both male and fe-
male meiocytes of the species under investigation.

(e) A single reciprocal exchange (crossing over) event
in dihybrids between two pairs of loci in a meiocyte re-
sults in two complementary recombinant type gametes.

Cross in Coupling

P, Black pubescent (%g) X White glabrous (%g)
Gametes @ @
F, Black pubescent (%;—,)
BP BP
Fl X Fl ‘6 4 b_p 6
Ganets
S— i, A W SR e 4
Parental Recombinant Parental Recombinant
F. a Black pubescent 134
b Black glabrous 15
¢ White pubescent 20
d  White glabrous 31
d _ 31 _
Total — 200 ~ 01330
x = /0.1550 = 0.3937 (proportion of bp type
F, gametes).

Proportion of F, parental type gametes — BP
(0.3937) + bp (0.3937) = 0.7874.

Proportion of F, recombinant type gametes —
Bp (0.1073) + bP (0.1073) = 0.2126.

Percent recombination =1 — 2x = 1 — 0.7874 =
0.2126 X 100 = 21.26.

d = number of F, with double recessive phenotype.
X = square root of proportion of d.

2 Method

If all assumptions are correct, to determine percent re-
combination simply derive the square root of the pro-
portion of the F, population that expresses the double
recessive phenotype.

(a) If the cross is in coupling - this derived value
(which is designated x), e.g., 0.40 represents the pro-
portion of F, male and female gametes with the paren-
tal genotype carrying recessive alleles at both loci. The
proportion of the F, male and female gametes with the
corresponding parental genotype carrying dominant al-
leles at both loct will have the same frequency (0.40).
The recombinant gametes would constitute the remain-
ing fraction of F, gametes, e.g., 1-2x=0.20, and since
both complementary recombinant genotypes are pro-
ducts of the same reciprocal exchange event they will
occur in equal proportions, e.g., 0.10 and 0.10. This de-
rived fraction of gametes indicates percent recombi-
nation and represents the genetic distance between link-
ed genes. For example, if the F, dihybrids BP/bp pro-
duced parental BP and bp and recombinant Bp and bP
gametes in a ratio of 0.4:0.4:0.1:0.1, percent recombi-
nation and map distance is 0.20 (20%).

Cross in Repulsion

P, Black glabrous () X White pubescent (%ll;)

® @

F, Black pubescent (%)

Gametes

leF] ‘B—‘pg &6

e 60D &0

— e g, N —  —
Parental Recombinant Parental Recombinant

F, a Black pubescent 101
b Black glabrous 45
¢ White pubescent 53
d White glabrous 2
d 2
Total — 201 = 0.00995
x = V0.00995 = 0.0998 (proportion of bp type
F, gametes).

Proportion of F, recombinant gametes — bp
(0.0998) + BP (0.0998) = 0.1996.

Proportion of F, parental gametes — Bp
(0.4002) + bP (0.4002) = 0.8004.

Percent recombination = 2x = 0.0998 X 2 =
0.1996 X 100 = 19.96.

Fig. 1. Calculation of percent recombination from F, progenies from dihybrid F,’s in coupling and repulsion for the partially

linked allele pairs Bb and Pp in Triticum monococcum
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(b) If the cross is in repulsion the value x obtained
by calculating the square root of the proportion of the
F, population that expresses the double recessive
phenotype indicates the proportion of recombinant F,
gametes that are double recessive in both F, male and
female meiocytes, e.g., 0.1. Of the remaining fraction
(0.9) of the F, gametes, the corresponding double domi-
nant F, gamete type would be present with the same
frequency, e.g., 0.1, as the recombinant double recessive
gamete, for reasons stated above. The remaining frac-
tion (0.8) of F, gametes would consist of the two paren-
tal types dominant-recessive and recessive-dominant in
equal frequencies. For example, if the dihybrid F, Bp/
bP produced parental Bp and bP and recombinant BP
and bp gametes in a ratio of 0.4:0.4:0.1:0.1, the percent
recombination and map distance between the genes
would be 2x=0.2 (20%).

3 Application of method

The calculation of percent recombination from F, data
is illustrated in Fig. 1 which shows unpublished person-
al F, results from dihybrid F,’s in both coupling and re-
pulsion phases for the two partially linked pairs of al-
leles Bb (black vs. white glume) and Pp (pubescent vs.
glabrous glumes) in Triticum monococcum which are
approximately 20 map units apart.

4 Reliability of proposed method

The reliability of our method for calculating recombi-
nation values is compared with the product approach
for actual data from several authors and seventeen
crosses and given in Table 1.

The product method (Fisher 1928; Fisher and Bal-
mukand 1928) which is as efficient as the maximum
likelihood one for calculating linkage intensities is rela-
tively simple and straightforward when appropriate tab-
les are available. The T. monococcum example discussed
previously (Fig. 1) will be used to indicate how re-
combination values are calculated using this approach.
Since one allele is completely dominant to the other at
each of the two loci, e.g., B is dominant to b and P is
dominant to p and F, populations from self-fertilization
or intercrossing F,’s heterozygous in the same phase
(coupling or repulsion) will consist of four. phenotypic
classes: double dominant determined by B—P-, domi-
nant-recessive specified by B-pp, recessive-dominant
given by bbP— and double recessive determined by
bbpp which are designated a, b, ¢ and d respectively.
The observed frequencies for the four classes are then
substituted in appropriate formulae to determine the p
value (Allard 1956; Emerson 1916; Fisher and Bal-
mukand 1928; Immer 1930; Owen 1928).

In repulsion p is the percent recombination and in
coupling 1-p is the recombination percentage, ex-

pressed in decimal fractions. Tables have been calculat-
ed by Immer (1930); also see Allard (1956) giving the
values of the ratio of the products ad/bc (for repulsion)
and be/ ad (for coupling) for different values of p, thus
significantly reducing the labor involved in determining
linkage values. The determination of linkage intensities
by the product method simply resolves itself into cal-
culating the ratio of products from F, data and finding
the recombination percentage by interpolation in the
appropriate table, a small sample of which is given in
Table 1. The probable errors are obtained by dividing
the probable error factor corresponding to the calculat-
ed recombination value by the square root of the num-
ber of F, individuals designated by N.

As an example of the use of the product method,
consider the F, data from the 7. morococcum F,’s het-
erozygous in the coupling phase (Fig. 1). The ratio of
products is be/ad=15x20/134X%31=0.07222. By in-
terpolation in Table 2 we find the recombination value
to be 0.195 (19.5%). From the same table, by interpo-
lation we find that the proper factor for the probable er-
ror is 0.3039 which, divided by V266 gives a probable
error of the above linkage intensity of 0.021 or 2.1%
(19.5£2.1).

Discussion

Unlike tetrad and testcross data, F, results provide in-
direct information on the kinds and proportions of pa-
rental and recombinant type gametes produced by
dihybrid F,’s. Because analysis of F, results is more dif-
ficult, tedious and time consuming, whenever possible,
testcross data is analyzed to determine recombination
and linkage values. However, in self-fertilizing species
(rarely in cross-fertilizing ones) it is often impossible
and/or impractical to obtain testcross data to calculate
percent recombination and F, (and even F;) results
must be relied on for this purpose. The most useful
methods for estimating recombination values using F,
data are the product and maximum likelihood methods.
The product method is relatively simple to apply with
tables such as that in Table 2. The method is limited to
F,’s where four phenotypic classes occur. The method of
maximum likelihood is not as easy to apply as the prod-
uct one, but is quite general and may be applied to all
testcross, F, and F; genetic data.

The square root method, proposed in this paper, is,
in our opinion, also a satisfactory approach to calculat-
ing recombination values and linkage intensities. More-
over, unlike the product and maximum likelihood
methods, it does not necessitate the use of formulae and
tables. The conditions for its use are the same as those
for the two currently used approaches. Like the other
two methods, the proposed one can be applied to
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Table 2. Product method formulae (ratio of products), their as-
sociated recombination fractions, and factors to be divided by
N to obtain probable errors

Recombi- Ratio of products Factor to be divided by
nation J/N to obtain probable
fraction  ad/bc bc/ad error
repulsion  coupling

F, F,

repulsion  coupling
0.00 0.000000  0.000000 0.000000 0.000000
0.05 0.005031  0.003629 0.6724 0.1515
0.10 0.02051 0.01586 0.6662 0.2153
0.15 0.04763  0.03915 0.6560 0.2651
0.20 0.08854  0.07671 0.6422 0.3079
0.25 0.1467 0.1328 0.6253 0.3464
0.30 0.2271 0.2132 0.6055 0.3820
0.35 0.3377 0.3259 0.5833 0.4153
0.40 0.4898 0.4821 0.5592 0.4469
0.45 0.7013 0.6985 0.5333 0.4771
0.50 1.0000 1.0000 0.5059 0.5059
0.55 1.4317 1.4260 0.4771 0.5333

autosomal F, data from F,’s heterozygous in both the
coupling and repulsion phases. Unlike the product
method which is limited to F, data where 4-class segre-
gations occur, our method can be applied to all cases in-
volving 2-, 3-, 4-, 6- and 9-class segregations regardless
whether gene interaction occurs or not provided the
double recessive and other specific phenotypes are each
determined by one particular genotype. For example, if
one allele is completely dominant to the other at both
loci or if this relationship occurs at one locus and in-
complete dominance of one allele over the other or co-
dominance occurs at the second locus, the double re-
cessive or equivalent phenotype can be used to estimate
percent recombination. If incomplete dominance and/
or codominance occurs at both loci then each of the 4
different phenotypes each specified by one specific
homozygous genotype can be used for this purpose.
This is also true for those forms of gene interaction such
as dominant epistasis, duplicate dominant epistasis
(duplicate genes) and cumulative complementary domi-
nant alleles of different genes which give rise to an F,
recessive phenotype which is always determined by one
specific (doubie recessive) genotype.

Like the product and maximum likelihood methods,
the proposed approach cannot be used to estimate re-
combination values when the frequency of the double re-
cessive or equivalent phenotype is 0. In such cases one
must resort to analysis of F; results. Obviously, the val-
ue of O itself is indicative of close linkage. Thus,
although the square root method does not have as gen-
eral an applicability as the maximum likelihood method
it can be used in a greater variety of cases than the
product method.

Neither the square root nor the other two methods
can be used to calculate percent recombination and
linkage values from F, data for sex (X, Z)-linked genes
and autosomal genes if there is no crossing over in
meiocytes of either or both sexes. For example, there is
no crossing over in Drosophila melanogaster males
(Morgan 1912, 1914). In such organisms F, constitutes a
testcross with respect to sex-linked genes. Half of the F,
progeny, the heterogametic individuals, can be used for
direct estimation of percent recombination if the di-
hybrid F, homogametic parent is mated with a
heterogametic individual that does not carry recessive
alleles at both loci. The entire F, (both homogametic
and heterogametic individuals) constitutes a testcross if
the heterogametic F, parent carries recessive alleles at
both loci. If there is no crossing over in at least one of
the sexes, F, results from dihybrid F,’s heterozygous in
both coupling and repulsion phases can be used to de-
termine whether genes are syntenic or not and those
from dihybrid F,’s in coupling can also be used to de-
termine whether linkage exists and if so the degree
thereof. This is possible because half of the F, constitutes
a testcross progeny with respect to the genes being stud-
ied since all these individuals receive a gamete with re-
cessive alleles at both loci from the parent in which
crossing over does not occur.

For genes that are closely linked the proposed ap-
proach is more accurate in establishing percent re-
combination in coupling than in repulsion phase since
the chance of obtaining the expected number of double
recessives is greater than in repulsion. Also if the pro-
geny size is small, the square root method may not pro-
vide as accurate a measure of amount of recombination
as the other two approaches since a small deviation
from the expected number of double recessives is pro-
portionally large and can lead to a relatively large devi-
ation from the actual percent recombination.

In conclusion, the proposed method, since it utilizes
only one F, phenotypic class, may appear to be a less
reliable method than the conventional ones which use
all four F, phenotypic classes in estimating recombi-
nation values. Nonetheless, its applicability, depend-
ability and accuracy, particularly in large F, popu-
lations, are demonstrated by the similarities of the re-
combination values to those using the product method
as shown in Table 1. Like other methods, the one being
proposed here also suffers from limitations inherent in
small F, populations. However, for a given F, popu-
lation, depending on the phenotypic class(es) whose
value(s) deviate from expected, and the direction and
extent of deviation, either the product and maximum
likelihood methods or the proposed square root ap-
proach can provide a more accurate estimate of percent
recombination.
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